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Abstract

The Helmholtz differential equation is often used for efficient and dynamic modeling of wave scattering real-
world problems. The time harmonic wave scattering phenomena find applications in several scientific areas such
as acoustic, electromagnetism, sensors, seismic, radar, and solar technology. Lately, it has been vital in modeling
medical imaging problems; an emerging need of humans. Helmholtz type's differential equation(s) also arises from
a physical phenomenon, therefore, it is important to solve Helmholtz types of equation(s) for several purposes.
Analytically, it is difficult, in some cases impossible, to find the solution of such equation(s). The numerical method
can be used to find the solutions of such equations. Therefore, for the numerical method, the finite difference
method is simple and is widely used as compared to other methods. The second order central finite difference is
usually used in solving the differential equation(s), but sometimes in many scientific applications we do desire to
have higher order approximations and that desire stems from two issues first the better accuracy. Suppose we have
done computations of a problem with moderate size mesh, but if the error that we are getting is not acceptable
for some unknown reasons, at the same time it is difficult to solve it with a further finer mesh that can happen at
times and that is where we want a higher order approximation which gives us the same accuracy as a finer mesh but
with fewer mesh points. This is the basic idea and memory storage is another important issue. The discretization of
the space differential in the finite difference method is usually derived using the Taylor series expansion; however,
if we use a method that adopts algebraic polynomial interpolations in the calculation around near-wall elements,
all the calculations over irregular domains reduce to those over regular domains. However, if we use the polynomial
interpolation systematically, exceptional advantages are gained in deriving high-order differences which is explained

in detail in this paper with examples.
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1 Introduction

HE finite difference approximations [1-2] is a
Ttool to solve hard differential equation(s), or
Helmholtz types of a differential equation(s) [3-7]. The
value of unknown can be found anywhere from the
solution of the continuous function. These functions
contain an infinite amount of information that we
cannot store because of memory restrictions. We have
to break space up into small cells/nodes, but even
within one of those cells there is still an infinite amount
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of information. The infinite difference where we try to
find the information at prescribed locations is called
cell/node. This is like an experiment where we fix stick
probes in certain locations and measure the desired
measurement at those prescribed locations rather than
anywhere within that body. The information is hidden
in the nodes/cells which is important for scientific
purposes and is to be determined having a digital
computer to solve the problems. Therefore, we must
convert the derivative into an algebraic equation which
the goal of the finite difference method. The objective
of finite difference is to express the derivative in terms
of the nodal values so that we can treat those as
unknowns and solve for them. In the basic philoso-
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Fig. 1: Collecting information from scattering points.

phy of the finite difference, we replace the governing
differential equation directly [8]. In other words, the
differential equation could be replaced by an alge-
braic equation that is the most important feature of
the finite difference approximations that makes the
finite difference method simpler. We can easily write
different expressions from the derivatives. The finite
difference method is a way of obtaining a numerical
solution of differential equations [9-10]. One of the
disadvantages of finite difference approximation is that
we cannot generalize finite difference approximations,
but we have to determine finite difference approxima-
tions. There are several methods for deriving finite
difference approximations. In in this paper, we present
a polynomial technique show that this technique is
simple to build the finite difference approximations. It
builds on curve fitting polynomials to data and using
MatLab codes to make it simple for finite difference
approximations, presented with examples.

1.1 Polynomial Techniques for Finite Difference
Approximations

The finite difference approximations do imply that we
do not have a continuous smooth function stored in
memory. We only know the function at discrete points
[11-12]. The polynomial technique [9][13-16] is a lot
more powerful to address the finite differences and
presented with few examples. Let us consider a few
random scattering points [17] which do not have to be
distributed uniformly or anything just some random
scattering of points in space. We want to generalize
the concept of finite difference approximation to know
what information is present in these points. Besides
these points, where each point has x and y two dimen-
sions, there will be a function fy, fo, ..., f7 in which we
have these random scattering of points. Now suppose
that we want to estimate the function or one of the
derivatives at some point. Amongst these open circle
points, the close circle point is where we want to
estimate the derivative of the open circle points. This
is the information we have from which to derive the
function or one of its derivatives at the close circle

point [18]. It turns out that there is a way to do
this. We always have a very similar form whether we
interpolate the function or any of its derivatives. It is
always just some weighted sum of the function values
at each of those open circle points which is known as
given follows,

0" fi or
Ox°

9" fi
oy®

0" fi
oz

= a1f1 + ...+ a7f7

where aq, as..., a7 are the finite difference coefficients.
If we have a random scattering of points, we show
these as an open circle, and we are interested to eval-
uate function or derivative at the close circle at right
middle. Let’s suppose we derive our finite difference
coeflicients and we take the same distribution of points
but offset them. We will get the same distribution of
the points at their relative position where open and
close circle are the same. It turns out the same finite
difference coefficients which means we are allowed to
offset or shift coordinates and still get same finite
difference coefficients which will be hugely useful in
evaluating finite difference approximations. Again, if
we take the same scattering of open circle points,
but move the closed circle point, we can evaluate our
function or one of its derivatives at a different point.
It turns out completely finite difference coefficients of
the different problem, but if we evaluate our finite
difference at the same point but the points from which
we are evaluating that change their position, so it turns
out we get different coefficients in the end. Therefore,
we only allow to shift coordinates and still get the same
finite difference coefficients. If we do anything else, we
have to redefine new finite difference coefficients.

1.2 Polynomial Technique for Deriving Finite Dif-
ference Approximations

The curve fitting to polynomials is known as polyno-
mial technique for deriving the finite difference approx-
imations. This technique is very simple. The general
concept of how can we do this is as follows. Suppose
we have a fit a polynomial to some set of points. To
fit this n*® order polynomial, we needed N + 1 points,



QUEST RESEARCH JOURNAL, VOL. 19, NO. 2, PP. 15-21, JUL-DEC, 2021

such that;

f@)=ao+ az+ asx® + ...+ anz
f'(z) = a1 + 2asx + 3azry + ... + Nayzx
f"(x) = 2as + 6azx + 12a42* + ... + N(N — 1)aya™¥ 2

N

N-1

(0) = ao
f(0) =a
1"(0) = az
f"(0) = as

The function of any of its derivatives becomes very
simple. We will shift our coordinates such that z = 0
is the point where we want to evaluate our function or
finite difference. Suddenly, this polynomial is reduced
to this very simple form, so we are using that property
where we can shift points from which we are evaluating
finite difference and it does not change the finite
difference coefficients. We can reuse that anywhere no
matter where those points are, so it is a very useful

property.

1.3 Shifted Co-ordinates Technique for Finite
Difference Approximations

Suppose we wish to evaluate f(x) or one of its deriva-
tives at the general point z,, = x 4. To do this, we shift
the x-axis by xq before fitting the polynomial. Recall
that the finite difference coefficients depend only on
the relative position of the points. An offset will not
affect their values. Now we can rewrite our polynomial
in terms of shifted coordinates.

f(fl) =ap+a121 + a2f12 + ...+ aNle

f(.fg) = ag + alfg + a2f22 + ...+ aNng

f(f]vfl) =ayg+ a1 Tn_1+ agfc?\,_l + ...+ CLNJNI%_l
It is very simple and will be presented with some
examples. Let us take the x-coordinates of the points

from which we approximate a derivative and store
these x-coordinates in a column.

€
€2
[z] =
TN+1
Shifted function across the x-axis £ = 0 corresponds to
the point. We approximate the derivative as follows.
d(l
dx?

fx =xpq = fracd®dz® f(z = 0)

17

subtract x sq from the column vector x to shift coordi-
nates.

T1 — Tpq T
5 T2 — Xfd i’Q
B =] = | | =
TN+1 — Tfd TNy1

Using the column vector [Z] to build the matrix {f( } ,

Now we have a Vanderrmonde matrix where the first
column is all ones, the second column is our values
of 22 and up to some value, which give a big square
matrix.

I R FA
1 Y
1 Tnyr FN
1 1—3;‘fd (xl—acfd)N T
- 1 To — Tyq (331 —xfd)N
: : : N
1 Ny —2ya (ZCN-H - ffd) J

Once we have the Vanderrmonde matrix [)N(}, its
inverse will be

in o e (Fn+1)Y
1 I3 -1 | 21 U2,2 (Jo,n+1)Y
== ~

UN+11 UN+12 (Ing1n+1) Y

Once we have a [}7] matrix, solve now polynomial
equation, calculate the polynomial coefficients.

o] = [X] 7 (1] = [V] 7]

U11 71,2 (J1,n41)Y
a1 72,1 72,2 (Go.n1)N N
ag = . . . f2
aN+1 N N - N4t
YN+1,1 YN+1,2 (yN+1,N+1)

a1 = Giafi +J2fo Foi3fs + . F Ui N1 N+
az = o1 f1 +Uz2fo +U33f3 + ... F U3 N1 N1

ant+1 = Yn+1,1f1 +Uns12fo HUng13f3 + -

+ NN+ N1
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Recall how we interpolate the function or one of its
derivatives to give the polynomial,

f(@=0)=ao.ao=m11f1 +Ti2fo+ ...+ Jinv+1 N1
f(E=0)=a1" a1 =Goaf1 + Goofo+ .. + JoN+1 N1
fl(@=0)=ay " as =gz f1 +G2fo+ .. + I3 N1 fr1

We can recognize that the rows of Y matrix are finite
difference coefficients. We derive real finite difference
approximations with the help of examples using the
polynomial technique.

Example#1: Suppose we have three points dis-
tributed uniformly, and we would like to calculate a
finite difference approximation first order and second
order derivatives at the midpoint. Let we take shifted
coordinates. We have a distribution of three points,
we want them, X = 0 where we evaluate the finite
difference, in this case, is the midpoint so that £ = 0

value for midpoint is zero.
1 —h h?
1 0 0
1 h K2

Remember that the rows of this Y matrix are essen-
tially the finite difference coefficients.

I
—
e
el
L
| —
=0

N
=
S

- o
| P

>
)

1

5=
TS
S

Lo —

|

2r2  h 2

df (2 44) -
7n = f2

i 2fa+ f3
N 2h?2

>

3= h
2k

12
12

f(zga)

d*f(x1a)
dax?

agp :fh a1

12

as = f3

These are our finite difference approximations.

Example#2: Calculate a finite difference approxima-
tion of the same points, but now on the first point, we
want to see how it behaves at the first point. Let us

take shifted coordinates.

]

f(xa

d* f (xfa)

dx?

0
—|n
2h]

ao_
a1
as |

) =

~

1 0
@ @ [rf:ﬂ:[l h
1 2h
0 1 07T/
-1 1
% 5 4l
2hZ  h2  2R2 2
ag = f1, df;xfd Sa = fo
x
1L5f1 — fa —0.5f3
h
. fhi=2f+ 3
a2—f3—T
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0
h
2h?

Example # 3: Evaluate derivatives at the midpoints
of four points, so our column vector of the x positions
don’t have a zero in it,

] = |

ki

ao
a1
a2
as

—3h
2

[—=3h

2
=h

h @}
2 2
1
N
1
1
-1 9 9
Yoy
SO
Ay A Ay
6h3 2h3 2h3
9 —1
o[ [P
v o) |0
m me| |2
-1 1 f
2h3 6h3 3

Solving the system, we get,
—f1+9f2+9f5— fa

>

| |
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ISR PSS S
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==
‘ ‘,_m‘,_. m‘

|
S laSH
wl

B 16

[ =2Tfa+27f3— f4
B 24h
h=f—f3+ /1

B 2h2

—27h3
h3

00

no
Shoeo|Tee|
w

oo

I

These finite difference show that their evaluation is

f(za5) = ag
%f(fﬁm) =
j;f(xg.5) = ap
difficult.
1.4

ing MatLab

Implementing the Polynomial Technique Us-

Since for small matrices we have been using, the above
technique, we do not need to use MatLab, but the
reason MatLab is good to use is when matrix size
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increases or maybe we do not have a uniform spacing
grid [11], and we need to evaluate a completely dif-
ferent finite difference approximation for every point.
We have so far derived finite difference approximations
symbolically, but if we want 4" order accurate finite
differences. Recall our matrix equation representing

polynomial written at each discrete point. It always
had the following form where w’s were just numerical
constants. The h was symbolic.
1 —1
ap h
ay| h2
az
as hN
~1
I wie w13 wiN
I we Wa3 WaN fo
I ws w33 W3N f
. f2
. . f‘3
1 wny12 wnis WN+1,N

The key aspect here is that [w] will be completely
numerical, so it is easily inverted using MatLab. It
is also important both separately inverted. This ac-
commodates large matrices [18] and avoids symbolic
manipulation, and letting [v]= [w]fl

ao 1 1.1)12 1.1113 1.?)1]\[
1 1 1
a I v 723 7 V2N
1 1 1
ag | = |1 723 72U33 ZUsN | f
1 L 1 1
AN +1 ZUN+1,2 72UN+1,3 2 UN+1,N
Jo
fi
where f = f2
Ina

2 Finite Difference Approximations

We will write finite difference approximations of the
polynomial coefficients.

f=ao=vi1fi+viafo+visfs+... +vINfN+!

df Vo1 f1 + Voo fo +va3fs + .. Fvan N+
dx h
a2 f _9g, — v31f1 +v3afo +vs3fs + ...+ vsn fngr
I P
dx? h?

MatLab Example# 1: Here we need five points to
calculate five polynomial coefficients,

(7] =[-2h —h 0 h 2n]"

Build [w] matrix and h = 1,

W] =[@° @' [2)° [#)° []']
(1 -2 4 -8 16
1 =1 -1 -1 1
W]=1f1 0 0 0 0
1 1 1 1 1
1 2 4 8 16
[0 0 1 0 0
—0.0417 —0.6667 —1.2500 0.6667 —0.0833
[V] = |-0.0417 0.6667 —1.2500 0.6667 —0.0417
—0.0833 0.1667 0 —0.1667  0.0833
| 0.0417  —0.6667 0.2500 —0.6667  0.0417

Here we write the finite difference approximations, to
incorporate the symbolic h’s back in.

C0f 0+ 15+ 0.1+ 0.fs

[ = ao 1
aaxf =
0.0833f1 — 0.6667 f2 + 0. f3 — 0.6667 f4 — 0.0833 f5
N h
32
a2l =@
~ —0.042f1 +0.67f2 — 1.25f3 + 0.168 f4 + 0.042 f5
12

MatLab Example# 2: Five points and five polyno-
mial coefficients, i.e. build [W] matrix, and h = 0.5.

(7] = [-2h —h 0 h 2h] = [7]

=[-1 —05 0 05 1]"
W] =[2° )" @)° [2)° [&)']
1 -1 1 —1 1
1 —-0.5 —0.25 —-0.1250 0.0625
= |1 0 0 0 0
1 05 0.25 0.1250 0.0625
1 1 1 1 1
] =)™
[ 0 0 1 0 0
1.1667 —1.3333 0 —0.1667 1.3333
= |—=0.1667 2.6667 —5,000 —0.1667 2.6667
—0.6667 1.3333 0 0.6667 —1.3333
_0.6667 —2.6667 4.0000 0.6667 —2.6667
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Here we write the finite difference approximations, to
incorporate the symbolic h’s back in.

_ 0.fi+0.fo+1.f34+0.f4+0.f5

f=ap 1
0 .
e
 L167f; — 1.333f5 + 0.f3 — 1.67f4 + 1.333f;
o h
02 -~
g2 2
B —0.167f1 — 2.667 fo + 5f3 — 0.167f4 + 2.667 f5
_ >

MatLab Example# 3 Here, we need five points to
calcu-late five polynomial coefficients,

[#] =[-2h —h 0 h 2n]"
Build [w] matrix and h = 0.25,

[#] = [-05 —0.25 0 0.5 0.25"
0 0 1 0 0
167 —133 0 —0.17 1.33
[V]=[W] " |-017 267 =500 —0.17 2.67
067 133 0 067 —1.33
067 —2.67 400 067 —2.67

Here we write the finite difference approximations to
incorporate the symbolic h back in.

_ 0.fi+0.fo+1.f3+0.f4,+0.f5

f=ag ]
o
or W
_ L6667f1 — 1.3333f, +0.f3 — 1.666f1 + 1.3333f;
o h
02 -~
G2 - 202

—0.167f1 + 2.667 f2 + 5.00f3 — 0.167 f4 + 2.667 f5|

h2

3 Conclusion

The finite difference method by polynomial technique
is used and is preferred on other methods because
of its simplicity, which is built on curve fitting and
using MatLab codes to make it simpler for finite differ-
ence approximations. In this paper, analysis of finite
difference approximation is presented by polynomial
technique with some examples, which showed that the
polynomial technique is simpler as compared to other
methods.
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