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Abstract

infeasible or computationally expensive.

The solution of nonlinear algebraic and transcendental equations is fundamental in various fields of science and
engineering, with applications from mathematical modeling to biological modeling, including population growth,
blood rheology, and neurophysiology. Traditional methods, such as Newton's method, often rely on derivatives and
face challenges like slow convergence, high computational cost, and failure in cases where derivatives are difficult or
impossible to compute. This research presents an efficient derivative-free iterative scheme constructed by Obadah
Said Solaiman’s method and Newton method in which derivatives are approximated by using forward difference and
Pade approximation. The proposed scheme is designed to achieve rapid convergence while minimizing computational
cost. Numerical experiments are conducted to compare the performance of the proposed scheme against existing
methods, highlighting its superior efficiency and reliability in various test problems. The results show that the
developed scheme is useful for solving nonlinear equations, particularly in scenarios where derivative computation is
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index reluctance motor

1 Introduction

umerical analysis is one of the branches of mathe-

matics that provides multiple schemes for solving
mathematical problems [1]. Numerical analysis has a
prominent position in engineering and physical science
[2], and basically, it is all about algorithms that use
numerical approximations to overcome the difficulties
of mathematical analysis. The goal of the field of
numerical analysis is very clear: firstly arrange and
examine the way of working then to give approximate
and accurate solutions to difficult problems [3].
Numerous studies have been conducted to provide
simple, affordable, and derivative-free approaches to
address the nonlinear problems that emerge in day-
to-day living. Many studies have developed bracketing
methods utilizing different techniques; some of them
are included in [4-6]. Although bracketing methods
usually converge to the root, their convergence is
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relatively sluggish, and they need two initial guesses,
dependency of initial guesses, and stability issues [7].
Additionally, there are several studies that have de-
veloped several open multistep methods using various
techniques, i.e, Lagrange interpolation technique [2],
Hermite interpolation technique [8], weight functions
[9]. The efficiency index (p(1/k), where p is the order
of convergence and k is the number of functional
evaluations) has been boosted [10]. And, also, there
are multiple scholars working and developing deriva-
tive free open multistep methods [11-13]. To validate
the proposed approach, we compare it to numerous
seventh-order methods that exist in the literature. M1
[14] evaluates four functions and one first derivative
every iteration, with an efficiency index of 1.4757. M2
[15] employs two functions, two first, and second two
derivative assessments, reducing efficiency to 1.3830.
M3 [16], M4 [17], M5 [18] have the same structure,
which requires three functions and two first derivative
evaluations while retaining 1.4757 efficiency. And, M6
[19] needs three functions and three first derivative
evaluations, which reduces efficiency to 1.3831.
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2 Derivation of Proposed Method

This section will first outline the concepts of the
iterative approach put forth by Obadah Said Solaiman,
which is based on Halley’s method and the Taylor
series expansion. After that, we will present a new,
effective derivative-free iterative scheme for solving
nonlinear equations, which typically employ iterative
techniques like Newton’s method. The most popu-
lar iterative technique is like Newton’s approach for
calculating the simple root of a nonlinear equation
f(B) = 0, which employs two function evaluations
every iteration: one function and one first-order deriva-
tive. Now, we will consider the following two-step
method: Obadah Said Solaiman, algorithm.

. f(Ba)
Tn = Bn 75y
o fw)
Prr =m f'(7m)

2 f('yn)Qf/<'7n>fH('7n)

- 4f/('7n)4 —Af () f ()2 " (9n) + £ ()2 f7 ()2 .

(A)
It is referred to as modified Halley’s method and
has a sixth order of convergence. The method consists
of two evaluations of the function, two evaluations of
the first derivative, and one evaluation of the second
derivative per iteration, which has an efficiency index
of 1.4309. The aim is to modify the above two-step
method to a three-step method in order to reduce the
derivation evaluation using Pade approximation and
make it a derivative free method by Steffensen’s rule.
We employ Newton’s technique in the third step of (A)
to enhance the convergence rate. The new multistep
technique that we acquired is as follows:

B
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(B)

This method consists of three evaluations of the
function, three evaluations of the first derivative, and
one evaluation of the second derivative per iteration.
So, the efficiency index of this scheme is 1.3204. To
derive a scheme with a higher efficiency index, we
approximate: f (8,) Using forward-difference, f'(v,)
Using forward-difference, f"(7,) Using Taylor Series

expansion, f (d,) Using a pade-approximation.
Approximation to the f'(/3,) by the forward-difference
approximation
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Approximation to the f'(v,) by the forward-
difference approximation
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To approximate f* (7,) we use the Taylor Series
expansion of the function f(5,) around 8 = ~,
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Pade approximation of first order
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Where ag, ai, by are real parameters to be deter-
mined satisfying the following conditions



QUEST RESEARCH JOURNAL, VOL. 23, NO. 01, PP. 38-45, JAN-JUN, 2025 40

Using these equations in equation (1), we get
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fB) = TG =5 (2)
F(n) = S0t @0n = 30) (3)
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f(0n) = ag (4)
Using equation (4) in equation (2), we get
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Using the value of b; into equation (6) we get
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Now the derivative of equation (1)
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This is a three-step seventh-order derivatives-free
iterative scheme for finding solutions of nonlinear
equations. The presented scheme requires only four
function evaluations and does not require any deriva-
tives, and the efficiency index of this scheme is 1.6266.

3 Convergence Analysis
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Theorem I: Let @ € D be a simple root of a
sufficiently differentiable function f: D C R — R,

where p, =

2
q =

R, =
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where D is an open interval with Sy as an initial under these circumstances.

estimate of a. With just four function evaluations, Proof:

no derivative evaluations are required. The approach Taylor series extension allows us to express the func-
outlined in equation (8) has seventh-order accuracy tion f(/3,) as follows:
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m=0 : . :
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TABLE 1: Comparison table of the number of function
evaluations used per iteration in each method

Methods Number f)f eva.luations

per iteration

M1 An +n?

M2 2n + 2n”% + 2n3

M3 3n + 2n?

M4 3n + 2n2

M5 3n + 2n?

Meé 3n + 4n?

PS 4n

4 Results and Analysis

All the problems below were solved using Maple 2022
software and origin 2021 software were used for graphs
on a laptop with the specifications: Intel(R) Core
(TM) i3-4010U CPU @ 1.70GHz, 1.70 GHz, and 8.00
GB RAM.

Problem 1: The depth of embedment ~ in a sheet-
pile wall [21, 22]. f(8) = &5 (8> +2.876%—10.28) — 3
Initial guess By = 1.0

Problem 2: Consider the beam scheming problem
[23]. f(B) = 155 (8° + 2.873% — 4.628 — 10.28) Initial
guess 5y = 0.99

Problem 3: The Plank’s radiance law problem ap-
pears in [24]. f(B) = 8%

This equation Cor%[glftes the density of energy in
an isothermal blackbody. The equation is rewritten as:
f(B) =1-0.23—e~”, with an initial guess 8y = 0.35.

Problem 4: Blood rheology model [24, 25].
f(B) = 8% — &B° — 0.057142857148* + 52 —
3.624489796 + 0.3, with the initial guess By = 1.5.

5 Discussion

This article has chosen a variety of application prob-
lems from different fields and tested them in order to
validate the results of the proposed technique with
the existing methods. The proposed approach per-
forms better than the existing approaches in every
test problem when using the fewest number of function
evaluations possible without evaluating derivatives.

6 Conclusion

This research article presents a three-step seventh-
order derivatives-free iterative scheme that utilizes
Pade Approximation. Remarkably, this scheme re-
quires only four function evaluations per iteration
and exhibits superior performance as compared to
existing approaches. The results, displayed in Tables
1-2 and Figures 1, clearly demonstrate that the pro-
posed scheme achieves faster convergence across all

test problems, requiring fewer iterations and function
evaluations. In comparison, counterparts M1, M2, M3,
M4, M5, and M6 have efficiency indices 1.4757, 1.3830,
1.4757, 1.4757, 1.4757, and 1.3204, respectively, and
the proposed scheme has an efficiency index of 1.6266.
This points out that the proposed scheme not only
outperforms but also demonstrates a higher efficiency
index compared to its counterparts’ methods.
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