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NUMERICAL STUDY OF STOKES FLOW OF A NANO FLUID INSIDE A MICRON SIZE NOZZLE  
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ABSTRACT 

This paper numerically studies the Stokes flow for a nano fluid with three different nanoparticle void 

fractions (2.5%, 5% and 7%) inside a straight and smooth micron size nozzle. Flow inside micron 

size nozzles is characterized by Reynolds number (Re) that remains less than unity (Stokes or 

creeping flows). In the literature there exist experimental results that validate the macroscopic flow 

theory inside micron size flow channels, however in most cases the Reynolds number for these 

experiments were not less than unity which is the essence of Stokes flow. In this study flow inside a 

micron size nozzle is numerically investigated at (0.001 ≤ Re ≤ 0.1) in order to verify the macroscopic 

Stokes theory. The effect of Reynolds number, particle size and particle concentration has been 

studied. It is found that even at these Reynolds number the flow of nanofluid inside a micron size 

nozzle follows the macroscopic theory of fluid mechanics.  
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1. INTRODUCTION 

Stokes flow is characterized by Reynolds number that 
remains less than unity and is placed under the realm of 
laminar flows. Laminar flows exist in many important 
engineering systems of interest. Laminar flows unlike the 
turbulent flows do not involve any approximations in the 
mathematics of the motion they deal with, which makes the 
numerical results for these flows more convincing. 
Numerous fluid flows and engineering systems involve 
laminar flows. Either alone or combined with other physical 
phenomena, laminar flows remains undeniably important. 
Ultimately laminar flows have been investigated by many 
researchers for instance Park [1] investigated the effect of 
square cylinder on laminar wall heat transfer inside a 
channel, Mehdi and Choi [2] investigated the distribution of 
Nusselt number at Prandtl number of order 10-3 for laminar 
flow of liquid sodium within the entrance region of a pipe, 
Farahbaksh et al. [3] numerically investigated the effect of 
Lorentz force on laminar flow inside a channel, Kim [4] 
investigated the laminar flow past a rotating sphere in a 
transverse direction, Tomiyama et al. [5] experimentally 
investigated the motion of air bubbles in laminar Couette 
flow, Askari et al. [6] investigated the heat transfer in water 
at critical pressures under laminar flow regime, Rehman et 
al. [7] numerically investigated the droplet generation 
through electrostatic forces under laminar flow regime and 
Srivastava [8] investigated the laminar flow inside small 
blood vessels of humans.  

According to a review conducted by Tuba and Pidugu [9] 
micro fluidic devices involves characteristic dimensions 
that remains within 1 to 1000 µm  and usually are governed  
 

 

by Re~O(1) which confirms the existence of laminar flows 
in these devices. Microfluidics systems are becoming 
exceedingly important due to the advent of technologies 
that demands miniaturization, for instance biofluidics, 
micro mixing devices, inkjet printing and micro-
electromechanical systems (MEMS). Single phase 
experiments conducted by Judy et al. [10] and Jiang et al. 
[11] have revealed that flow inside micron size circular 
channels matches well with the macroscopic Stokes theory 
of fluid dynamics. However, the Reynolds number in their 
experiments was found to remain higher than unity. On the 
other hand in certain scenarios for instance, in the case of 
Srivastava [8] and Jiang et al. [11] the length of the flow 
channel can become small making the L/D ratio less than 
30 (where L is the length of the flow channel and D is its 
characteristic dimension). Under such circumstances the 
developing length of the flow can significantly affect the 
overall performance of the phenomenon taking place inside 
the device. 

Sometimes the fluid flowing inside a micro fluidic device 
may contain species of other materials for instance 
nanoparticles. According to Abd et al. [12] liquids 
containing nano particles are considered to be Newtonian 
liquids however, according to Rahimi-Esbo et al. [13] the 
viscosity and density of the nano fluid varies with the 
concentration of the nanoparticles in the base liquid.  

In this study commercial finite element software Comsol 
Multiphysics has been used to investigate the flow of a 
nano fluid inside a circular micron size nozzle. The inside 
diameter of the nozzle was fixed at 410 µm . Two phase 

mixture model with three different void concentrations (2.5,  
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5 and 7%) was used to simulate the flow. The Reynolds 
number regime of 0.001 ≤ Re ≤ 0.1 which essentially 
satisfies the condition for the Stokes flow was used. In this 
work we have considered water as a base liquid (solvent) 
while particle void fractions of 2.5, 5 and 7% are 
considered for aluminum nano particles having diameter of 
25nm. Conventional approach has been used to validate the 
numerical results with established results of single phase 
macroscopic fluid dynamics theory. The results show that 
the flow of a nanofluid (considered in the present study) 
follows the classical single phase theory of fluid dynamics. 
On the other hand discrepancies were observed while 
comparing the developing length of these flows with the 
available correlation for macroscopic laminar flows.  

2.  THEORY 

The procedure for validating the numerical results with the 
classical fluid dynamics theory is carried out by calculating 
the product of the friction factor and the Reynolds number (
fRe ). This product is then compared with the theoretical 
value of 64 for single phase fully developed laminar flow. 
The value of the product fRe is numerically obtained from 
Eq. (1) as follows. 

3

2
2ρD /f Re= 

Reµ
p L∆

 (1) 

In Eq. (1) /p L∆ is the fully developed pressure gradient, ρ

is the density and µ is the viscosity of the nanofluid. Flow 
inside a circular tube becomes fully developed when the 
pressure gradient reaches a constant value, therefore this 
approach was utilized in order to numerically estimate the 
developing length of the flow. The developing length 
obtained in this way is compared with ( tL =0.05DRe ). This 

correlation was found to predict the developing length of 
laminar flow inside micron size circular tubes by Kandlikar 
et al [14] in their experimental work. However, in their 
work the regime of Reynolds number was well above 
Stokes regime (500 ≤ Re ≤ 3000). The equation given in the 
parenthesis is a famous experimental correlation for single 
phase macroscopic laminar flows. In this correlation the 
developing length of the flow is Lt. The viscosity of the 
nano fluid at different void concentrations is estimated by 
Eq. (2) as suggested by Krieger and Dougherty [15] and its 
density is estimated by using Eq. (3) as suggested by Pak 
and Cho [16]. 

max
bl max

2.5µ = µ (1- ) αα
α

−  (2) 

nblρ = ρ (1- )+ρα α
 

(3) 

In Eq. (2) blµ is the viscosity of the base liquid (water) and 

α is the void fraction of the nanoparticles in the solution 

whereas maxα is the maximum solid void fraction which 

according to the mixture model in Comsol is limited to 

0.62. In Eq. (3) blρ is the density of the base liquid (water) 

and nρ is the density of the nano particles (aluminum). 

3.  NUMERICAL DETAILS 

In order to obtain the velocity field inside the computational 
geometry which is considered to be a smooth nozzle having 
a length of 12 mm, steady state Navier-Stokes equations 
based on two phase flow mixture model were numerically 
solved within Comsol Multiphysics. The mixture model 
solves for the mixture momentum equations, however it 
also calculates the velocity field for the discrete solid phase 
(aluminum nano particles) by assuming a specified velocity 
slip model (in present case the Hadamard-Rybczynski 
model which is valid for solid particles if Re ≤ 1). The 
computational geometry of the problem along with the 
boundary conditions and part of the axisymmetric grid is 
shown in Fig. 1 and Fig. 2 respectively.  

 

Fig. 1: Computational geometry for the problem. 

 

Fig. 2: Part of the axisymmetric computational grid used in this 
study. 
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Adaptive mesh refinement was used in this study over a 
base mesh of 360 unstructured triangular elements. The 
adaptive mesh refinement technique automatically detects 
regions with sharp gradients of the solution variables and 
refines the grid within those regions. Fig. 3 indicates that 
the relative deviation in the values of fRe continuously 
drops and eventually becomes negligibly small when the 
number of mesh refinements reaches seven. 

 

Fig. 3: Relative deviation in fRe with respect to mesh refinements. 

Eventually in order to represent the converged results five 
mesh refinements were chosen for all the cases presented in 
this study. More details regarding the mixture model can be 
retrieved from [17]. 

4. RESULTS AND DISCUSSION 

In order to validate the computational model, comparison 
with the experimental case of Abd et al [12] is shown in 
Fig. 4.  

 

Fig. 4: (Color online) Simulations results for the experimental case 
of Abd et al [12]. 

They reported a deviation of 3% from the single phase 
theory at maximum void fraction of 2.5% which matches 
well with the simulation results. In Fig. 4 simulation results 

for higher Reynolds number and void fractions are also 
shown which were not included in their experiments. These 
results suggest that the computed value of fRe for the nano 
fluid matches well with the single phase theory with a 
maximum of 2.5% error. In addition to this, it can also be 
noticed from Fig. 5 that the ratio of the pressure gradient at 
an axial location estimated from the single phase 
correlation ( tL =0.05DRe ) and the simulated fully 

developed region remains on average at 1.02. This result 
indicates that the single phase correlation for the 
developing length remains applicable to the flow of nano 
fluids under the regime of Re shown in Fig. 4.  

 

Fig. 5: (Color online) Ratio of pressure gradient at an axial loca-
tion (z) estimated from the single phase theory (0.05ReD) 
and fully developed region of the simulations. 

In Fig. 6 results for fRe for the same void fractions are 
presented for the case of micron size nozzle (D=410µm and 
L=12mm) but for 0.001 ≤ Re ≤ 0.1.  

 

Fig. 6: (Color online) fRe vs Re for different void fractions for 
micron size nozzle of diameter 410 µm. 

It can be seen from Fig. 6 that the simulation results again 
matches with the macroscopic single phase theory with less 
than 1% error. Also Fig. 7 indicates that there is no effect of 
the particle void fraction as well as the Reynolds number on 
the developing length of the flow.  
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Fig. 7: (Color online) Ld vs Re at different void fractions for micr-
on size nozzle of diameter 410 µm. 

The values of fRe are also shown to match with the 
macroscopic single phase theory when the nano particle 
size (diameter) was increased up to 100nm from an initial 
size of 25nm. This effect is shown in Fig. 8.  

 

Fig. 8: (Color online) fRe vs Re at different values of nano particle 
diameter (dp) for micron size nozzle (D=410µm and α
=5%). 

However, it is interesting to note that this time the 
developing length estimated through simulations (as 
indicated in Fig. 7) does not match with the macroscopic 
single phase correlation ( tL =0.05DRe ). This indicates that 

within the regime of the Reynolds number considered in 
this work (0.001 ≤ Re ≤ 0.1) the developing length becomes 
independent of the Reynolds number. Although, the effect 
of the developing length in this study remains negligible, it 
can become important when the ratio L/D becomes smaller 
than 30. Considering this fact a correlation is presented in 
Fig. 9 that relates the developing lengths of the flow of a 

nano fluid at 0.001 ≤ Re ≤ 0.1 for three different micron 
size nozzles.  

 

Fig. 9: Correlation between developing length Ld and diameter D 
of micron size nozzles for        0.001 ≤ Re ≤ 0.1. 

It can be seen that the developing length of these flows 
increases linearly as the diameter of the nozzle is increased. 

5. CONCLUSIONS 

In this paper Stokes flow for a nano fluid within 0.001 ≤ Re
≤ 0.1 inside a circular micron size nozzle with a diameter 
of 410µm and length of 12mm has been numerically 
studied. The base liquid considered is water with three 
different void fractions of aluminum nano particles (2.5, 5 
and 7%). Following conclusions are drawn from the study: 

1) The numerical values of fRe matches with the 
macroscopic theoretical value of 64 with less than 
3% error which indicates that even at Reynolds 
number of order of 10-3 the Stokes theory is valid for 
frictional pressure drop. 

2) The nano particle void fraction has no effect on the 
computed values of fRe. Therefore for the regime of 
Reynolds number considered in this study the liquid 
properties of the nano fluid can be replaced simply 
by the properties of the base liquid making it a single 
phase fluid flow. 

3) For a given liquid, the developing length is found to 
be independent of both the Re and the particle void 
fractions and cannot be estimated from the 
correlation ( tL 0.05ReD= ). Therefore, a simple 

correlation of the form (Ld = 1.2D) has been 
proposed. 

4) For a given liquid, when the order of the Re lies 
between 10-3 and 10-1 the developing length 
increases linearly with the nozzle diameter. Also the 
nano particle size (diameters) has no effect on the 
computed values of fRe. 
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